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Abstract 

The relationship between N-soliton solutions to the Euclidean sine-Gordon equa- 
tion and Lorentzian black holes in Jackiw-Teitelboim dilaton gravity is investi- 
gated, with emphasis on the important role played by the dilaton in determining 
the black hole geometry. We show how an N-soliton solution can be used to con- 
struct "sine-Gordon" coordinates for a black hole of mass M, and construct the 
transformation to more standard "Schwarzchild-like" coordinates. For N=l and 
2, we find explicit closed form solutions to the dilaton equations of motion in soli- 
ton coordinates, and find the relationship between the soliton parameters and the 
black hole mass. Remarkably, the black hole mass is non- negative for arbitrary 
soliton parameters. In the one-soliton case the coordinates are shown to cover 
smoothly a region containing the whole interior of the black hole as well as a fi- 
nite neighbourhood outside the horizon. A Hamiltonian analysis is performed for 
slicings that approach the soliton coordinates on the interior, and it is shown that 
there is no boundary contribution from the interior. Finally we speculate on the 
sine-Gordon solitonic origin of black hole statistical mechanics. 
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1 Introduction 



Black holes are currently the subject of much research for two main reasons. 
First of all, there is a growing body of empirical evidence that black holes 
exist in binary systems as well as at the center of most galaxies Secondly, 
black holes pose fundamental problems whose resolution will likely provide 
important clues about the interface between quantum mechanics and gravity. 
In particular, the microscopic origin of the Bekenstein-Hawking entropy of 
black holes is not fully understood, despite much recent progress in a variety 
of contexts]^, ^ § . The source of this problem is the fact that from the 
outside, black holes are perhaps the simplest, and least complicated objects 
in the Universe. They are pure geometry, and according to no-hair theorems 
proven in the sixties, tend to settle into highly symmetric configurations with 
only a very few externally observable parameters. It is therefore very difficult 
to understand where the dynamical modes needed to account for the huge 
Bekenstein-Hawking entropy of black holes might reside. 

Dilaton gravity theories in two spacetime dimensions provide useful the- 
oretical laboratories for studying these questions. They are diffeomorphism 
invariant theories that generically do have black hole solutions, and yet are 
simple enough to be exactly solved at both the classical and quantum lev- 
els. One such theory of particular interest is the so-called Jackiw-Teitelboim 
theory]^, which was originally put forward because of its connection to the 
Liouville-Polyakov action. Jackiw-Teitelboim gravity theory is distinguished 
from other dilaton gravity theories in part because it has a great deal of 
symmetry. It has a gauge theory formulation, and its solutions correspond 
to maximally symmetric, constant curvature metrics in two space-time di- 
mensions. The black hole solutions to Jackiw-Teitelboim gravity are related 
by dimensional reduction to the BTZ black hole solutions [0] of anti-DeSitter 
gravity in 2+1 dimensions. As shown in Ref. [Q, Jackiw-Teitelboim black 
holes exhibit the usual thermodynamic properties, including black hole en- 
tropy, despite the absence of field theoretic dynamical modes in the theory. 

The feature of Jackiw-Teitelboim gravity most relevant to the present 
analysis is the fact that the black hole solutions are space-times of constant 
curvature. The relationship between Euclidean, constant curvature metrics 
in two dimensions and Lorentzian sine-Gordon solitons has been appreciated 



1 



by mathematicians for a long time]^. Q In particular, the solutions of the 
sine- Gordon equation 



— df-(j) + d^(l) = m sin (1) 

determine Riemannian geometries with constant negative curvature —2rr? 
whose metric is given by the line-element 

ds^ = sin' (^^^ de + cos2 dx\ (2) 

The angle describes the embedding of the manifold into a three dimensional 
Euclidean space, pi Moreover, it has recently been proved that there is a di- 



rect connection between genus and soliton number ||TT[. In a recent letter [[12 
the relationship between Euclidean sine-Gordon solitons and black holes in 
Jackiw-Teitelboim gravity was derived. This relationship is interesting in 
part because sine-Gordon theory has a rich (and well-studied) dynamical 
structure, while, as mentioned above Jackiw-Teitelboim gravity has virtu- 
ally no dynamical structure. Thus, the question arises as to whether one 
can somehow understand the apparently rich dynamical structure of black 
holes in terms of the sine-Gordon solitons. In this paper, we continue the 



analysis of |]T2[, and present new results. In particular, we show how an 
N-soliton solution can be used to construct "sine-Gordon" coordinates for a 
black hole of mass M, and show generally how to transform to more stan- 
dard "Schwarzchild-like" coordinates. For N=l and 2, we are able to find 
explicit closed form solutions to the dilaton equations of motion in soliton 
coordinates, and find the relationship between the soliton parameters and 
the black hole mass. Remarkably, the black hole mass is non-negative for all 
soliton parameters. 

The paper is organized as follows: Section 2 reviews Jackiw-Teitelboim 
gravity and describes the corresponding black hole solutions. Section 3 de- 
scribes how Euclidean sine-Gordon solitons emerge from Jackiw-Teitelboim 
gravity, and constructs the general coordinate transformation that relates 
"soliton coordinates" to the more usual black hole coordinates. Section 4 



adapts the formalism of Babelon and Bernard [|T3| to the case of Euclidean 



N-solitons and presents the results for the 1- and soliton sectors. Section 5 



^It was also usedjl^ to derive the relationship between solutions to the Liouville equa- 
tion and the sine-Gordon solitons. 
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explicitly displays the black hole geometries associated with 1- and 2- soliton 
solutions derived in Section 5. Section 6 presents the Hamiltonian analysis 
for slicings that approach the soliton coordinates on the interior, and it is 
shown that there is no boundary contribution from the interior. Finally, in 
Section 7 we close with conclusions, speculations and prospects for future 
work. 



2 Jackiw-Teitelboim Gravity 

Since the solutions of the sine-Gordon equation determine metrics with con- 
stant negative curvature, we need to consider black holes of this type. It 
is therefore natural to examine black holes in Jackiw-Teitelboim gravity [^]. 
This theory, like all local two dimensional gravity theories, is not purely met- 
rical; rather there is, besides the metric tensor of spacetime, a real-valued 
scalar field, called the dilaton field. 

The action functional for Jackiw-Teitelboim gravity is 

I Mr. 9] = ^ J^^^ d'x^\T [r + 2m2) . (3) 

In the above, the spacetime metric is g^j,^, R is its scalar Ricci curvature and 
g is its determinant; r is the dilaton field; the constant m is related to the 
'cosmological constant' A by A = m^. Finally, G is the gravitational coupling 
constant, which in two dimensional spacetime is dimensionless. Sufficient 
conditions that this functional be stationary under arbitrary variations of 
the dilaton and metric fields are, respectively 



(v^v. 



R + 2m^ = 0; (4) 
m^9^iJ) r = 0. (5) 



As shown in ||Tj], for every solution {(7^1., r} to the above field equations there 
is a Killing vector, k'^ which leaves both the metric and the dilaton invariant. 
It is: 

k^ = ^d,T, (6) 

■my/—g 

where e^'^ is the permutation symbol. Moroever, up to diffeomorphisms there 
exists only a one parameter family of solutions. This parameter, which we 
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call the mass observable M, is the analogue of the ADM mass in general 
relativity: it is the conserved charge associated with translations along the 
Killing direction k^, and can be expressed in coordinate invariant form asM]: 



M = -^\Vt\^+t', (7) 

Although all the solutions of Jackiw-Teitelboim gravity are locally diffeo- 
morphic to two-dimensional anti-DeSitter spacetime, one may obtain distinct 
global solutions, some of which display many of the attributes of black holes 
0, [T^. For example, consider a solution where the metric is given by 

rfs^ = - (mV^ - m) ciT^ + (mV^ - m) dr\ (8) 
and dilaton field by: 

T = Cimr (9) 

This solution corresponds to standard "Schwarzschild-like" coordinatization 
of the black hole solution to Jackiw-Teitelboim gravity. Note that ci is an 
arbitrary constant of integration that has no direct physical significance: the 
only true observable is M as defined above. The constant ci can be fixed by 
imposing suitable boundary conditions on the fields. For example, requiring 
that the dilaton go to the vacuum configuration r = mr as r — >■ oo fixes 
Ci = 1. Thus without loss of generality we henceforth make this choice. 

Clearly there is an event horizon located at r = v^M/m. It is important 
to note here that though this fact can be easily read off from the metric, 
since the latter is in manifestly static form, it also follows from solving for 
the variable r in the equation | p:= g^^k'^k'^ = 0. The global structure 
of the black hole spacetime is in part determined by the dilaton. Since the 
spacetime has constant curvature, there are no curvature singularities for any 
value of T. However, surfaces for which r = give rise to an infinite effective 
Newton's constant and should therefore be excluded from the manifold. With 
this assumption, the global structure of the manifold is virtually identical to 
the (r, t) section of a Schwarzschild black hole, with exactly the same Penrose 
diagram]^. 

One can further motivate the exclusion of r = surfaces from the mani- 
fold by noting that the metric Eq. (|^) is the dimensionally truncated spinless 
BTZ black hole0] in 2+1 anti-De Sitter gravity. The dilaton corresponds to 
the 'missing' radial coordinate of the 2+1 solutions. As described in 0], there 
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is a causal singularity in the BTZ black hole at r = 0. By excluding these 
surfaces one removes the possibility of closed timelike curves. Of course, in 
the context of JT gravity there is no causal singularity. The surface r = is 
completely regular. 

As shown in Section 6, the ADM energy of the black hole solution Eq.(H), 
Eq.(|) is 

Ebh = mM/2G, (10) 



It is straightforward to derive the thermodynamic properties fl^, H of the 



black holes described by Eq.(H) and Eq.(P). The Hawking temperature is: 



VMm , , 

ZTl 



with associated Bekenstein-Hawking entropy: 



Ss. ^ (12) 

It is important to note that since the constant curvature metrics are 
maximally symmetric, there are three Killing vector fields. This also fol- 
lows directly from the dilaton equations of motion in that there exist three 
functionally independent solutions r(j),i = 1,2,3 of Eq.(^, which in turn 
determine three functionally independent vector fields k'^^ via 



These three vector fields satisfy the Killing equations by virtue of Eq.(||), and 
also leave their respective generating dilaton fields invariant, (i.e. fc('j)V^r(j) = 
0). 

It is straightforward to show that in addition to r(i) = mr the following 
are solutions to the dilaton equations (^ are: 



r(2) = V m?r'^ — M sinh o", (14) 
r(3) = \/ —m?r'^ + M cosh a, (15) 

where a := m\/MT and we have set the overall scale factors q to unity. Note 
that T(i) are functionally independent on non-trivial domains of spacetime. 
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The corresponding Killing vector fields are: 

fc(i) = (1,0), (16) 



ki2) = , sinlig, —A/M\/m^r^ — M cosher , (17) 

* \'m^r'^ — M 



fc(3) = ( , coshg, VMV-mV^ + Msinhg) ■ (18) 



The conserved charge associated with each solution is: 

1 

m 



^» = -:;7^l^nor+4' (19) 



When the corresponding Killing vector is timelike, it can be shown that this 
corresponds to the ADM energy of the solution. In fact, a straightforward 
calculation shows that the conserved charges Eq.([T9|) for A;(j) are all equal: 

M(,) = M. (20) 



3 From Sine-Gordon Solitons to Black Holes 

Suppose one wants to solve the field equation Eq.(^) with metrics of the form: 

ds'^ = - sin^ -dt'^ + cos^ -dx"^, (21) 
2 2 ^ ^ 

It is straightforward to show that this metric has constant negative curvature 
R = —2rn? if and only if u satisfies the Euclidean sine-Gordon equation 

Am = sinti, (22) 

where A := Of + d^. Moreover, for such a metric, the dilaton equations take 
the following form: 

,, sin('u/2) , , cos(m/2) 9/ , x , . 

r + V-T^wV + WrMT cos^ m/2 r = 0, 23 

2cos(u/2) 2sin(u/2) 2 ^ ' ' ' v ; 

sin(u/2) , , cos(m/2) .. . „ . 

r V-ttmV Y—^uf + — sin^ m/2 r = 0, 24 

2cos(m/2) 2sin(u/2) 2 ^ ' ^ ' v ; 

r' - ^^^^u'r + ^^^^ur' = 0. (25) 
2sin(u/2) 2cos(m/2) ' 
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By taking a sum of Eg. (pS]) and Eq.(p4D one finds that the dilaton r must 
satisfy the hnearized sine-Gordon equation: 

f + r" = cos(M)r. (26) 



Thus as first noted in |T^, the dilaton, which generates the Killing vectors 



(i.e. symmetries) of the black hole metric, also maps solutions of the sine- 
Gordon equation onto other solutions. That is if u and r obey Eq.(^) and 
Eq. (|26|) , then the field u' = u + er, also solves Eq. (p2D to first order in e. 
Another method for deriving the linearized sine-Gordon equation for the 



dilaton was presented in [|T^, where it was noted that putting the metric 



ansatz Eq.(pTD directly into the action Eq.(^ yields an action of the form: 

Jjt[t, «] = — — I d'^x t{Au — rn^ sin u). (27) 
2G Jm2 

Varying the above with respect to u and r yields the linearized sine-Gordon 
equation for r and the sine-Gordon equaiton for u, respectively. It should 
however be remembered that varying the action after imposing a metric 
ansatz does not necessarily yield exactly the same space of solutions as ob- 
tained when the ansatz is substituted directly into the equations of motion. 
There are more solutions to the linearized sine- Gordon equation than there 
are to the dilaton equations. However, it may, under certain circumstances 
be desirable to consider the reduced action Eq.(^) as defining the physical 
theory. This would be analogous to how the Nordstrom theory of gravity 
is obtained from general relativity in 3-1-1 dimensions by requiring that the 
metric be conformally flatQ. We will consider the full set of equations Eq. (|^) 
as defining our theory and not consider this alternative formulation further 
here. 

Given a dilaton field T{x,t) satisfying the dilaton equations of motion 
Eq.(l^), we can choose a new 'radial coordinate' 

r{t,x) := r/m. (28) 

If this is substituted into Eq.(^) and the square in the terms in dt'^ and dtdr 
is completed, the metric becomes: 

ds' = -^-^^dT' + r^,dr\ (29) 



^We are grateful to M. Ryan for pointing this possibility out to us. 
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where, as anticipated by the notation, the differential form 

dT := tan — dt + cot — dx (30) 

2 I Vr 1^ 2 I Vr p 

— TTl 

= j^:^*dT, (31) 

where * is the Hodge dual, is closed in any region where the coefficients of 
dt, dx are smooth. The latter is a consequence of the fact that r satisfies 
Eq.(|^). Indeed, rewrite Eq. (pID as 

^~ I VrP ~ m\kr ^ ' 



where t]^^ := / \J\ g \ is the completely skew-symmetric tensor in two 
dimensions. Now use the fact that V^r^^'^ = and the dilaton equations of 
motion Eq.(^ to show that 

V^''{duT,)=r''V,T^ = 0. (33) 

Finally using Eq. (|T^) , we can write the metric Eq. ( PU] ) in the form of the 
black hole metric Eq.(^. 

It is clear that the sine- Gordon coordinates are singular at u{t,x) = 
mr,n = 0, ±1, ±2, ... since the volume element \f\g\ vanishes at those space 
time points. For a generic soliton solution u, these coordinate singularities 
occur either at the soliton locations ( n odd) or at spatial infinity, where the 
soliton solution settles down to its asymptotic value(n even). On the other 
hand, the sine-Gordon coordinates are regular at the black hole event horizon 
where | p= — | Vr p= 0. Since the black hole coordinates are singular at 
the horizon, the transformation from the sine-Gordon coordinates {t, x) to 
black hole coordinates (T, r) breaks down there (cf. Eq.fp])). 



4 Multi-Solitons 

It is well-known that the sine-Gordon equation is integrable, and various 
techniques are available for extracting explicit solutions. Here we use Hirota's 
method to more-or-less explicitly display the multi-soliton solutions of the 
euclidean sine-Gordon equation. 
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Our approach here follows that of Babelon and Bernard |T3[. In light- 
cone coordinates z± := x±t, the Lorentzian signature sine-Gordon equation 
is 49+(9_'U = m^sinti, where d± := ^{d^ ± dt). We switch to the euchdean 
signature via t ^ it and z± ^{d^ =1= idt). The Hirota functions t± are 
related to the real function u in the sine- Gordon equation by 



T4- 



(34) 



The Hirota functions satisfy the Hirota equations: 



771 

r±(9_9+r±) - (9_r±)(9+r±) = — (r| - r^). (35) 



It is easy to see from Eq. (p4|) that the difference of the two Hirota equations 
implies the sine-Gordon equations in light-cone coordinates. 

An N-soliton solution of the sine-Gordon equation is given by 

rf :=det(l±r^), (36) 

where is the N x N matrix with elements Vj^ given by 



Vff ■■= 2f^V^, (37) 

where the Xi are 

Xi:= ai exp -m{fiiZ+ + /ur^z.). (38) 

In the above the fii are complex parameters of modulus unity and the = 
±ie^% where the +(— ) sign signifies a soliton (anti-soliton) and the Wi are 
real. In fact, the Wi can be 'absorbed' into the exponent of the Xi by writing 
Wi := —fii^+ — yUj^^^- and rewriting z± ^ z± — The reality conditions on 
the parameters are required so that u is a real- valued solution of the euclidean 
sine-Gordon equation. For the Lorentzian sine-Gordon equation, the fii are 
real. 

It is useful to redefine the parameters as follows. Write fii = cos Pi + 

i sin f3i. Then define Vi := tan f3i, so that 7^ := + = cos/9j. In this 

case the X,- can be written as 



Xi:=ze,eP\ (39) 
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where 

Pi := m-fi[x - xi - Vi{t - tl)], (40) 

with Wi = m7j(xQ — fjig) and = ±1. 

Using this notation, the well known 1-soliton solution is obtained from: 



e-^"/2 = cosM/2-«sinM/2 = — (41) 

r_ 

1 + ieeP 



(42) 



which yields: 

M = 4tan-^±e(^). (43) 
For the 2-soliton, the Hirota functions are 

r± = 1 ± (Xi + X2) + A^XiXs, (44) 

where 

A := ( i^^] . (45) 
Now the solution u of the sine-Gordon equation is given by 

^ 1 + x'x.x, + (Xi + X,) 

l + A2XiX2-(Xi+X2)' ^ ^ 

In terms of the more 'physical' parameters fi,f2, we write A = ii, with i 
real and given by 

^ ^ 7172(^1-^2) 

1 + 7172(1 +^^l^'2)' 

From this it follows that 



(47) 



u 



4 tan ^ 



1 + £2e^e2e^i+''2 



(48) 



In the case eie2 < 0, m describes an X = 2 soliton which behaves asymptoti- 
cally as two 1-solitons and may be viewed as the scattering of the 1-solitons 
form each other. For 6162 > 0, on the other hand, Eg .(1481) describes a soliton- 
anti-soliton scattering solution. 

It is useful to write Eq.(^) in a somewhat different form. We proceed by 
writing i"^ := e"" and factoring out an ei from the numerator and €1626°" from 
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the denominator in the argument of the inverse tangent in Eq.(^). Then 
after multiplying the numerator and denominator by exp[|(cr — pi — P2)] we 
obtain 



u 



4 tan 



-1 £2 



W ^ W ^ • (49) 

g2(pi+P2+o-) _|_ g_^g2e~2(''i+/'2+o-) 
Now choose new parameters /i, v in terms of the f 1, f 2 by solving the equations 



7i - 72 
7i + 72 
71^1 - 72^^2 

71^1 + 72^^2 



27t> sin /i, 
27 cos /i, 
—27 sin p, 
27t> cos /i. 



In terms of the new parameters, I = tan fi and we obtain: 

u = 4tan"i (i^/G), 

where for the N = 2 soliton 

F := cot (yu) sinh [m sin (/i)7(t + t>x)], 
G := sinh [m cos (/i)7(x — f t)], 

whereas for the soliton-anti-soliton 



(50) 
(51) 
(52) 
(53) 

(54) 

(55) 
(56) 



F := cot (p) cosh [m sin (p)7(t + vx)], (57) 
G := cosh [m cos (/i)7(a; — ft)], (58) 

Note that we have absorbed terms of |(T in the exponents into the parameters 
Wi,W2, without loss of generality. In Figs. |I| and 0, the N=2 soliton and 
soliton-anti-soliton solution are graphed for fixed t. 

For a more complete description of the N-soliton solutions, see the review 
0. 



articles in Ml or 



5 Black Hole Geometries from Multi-Solitons 

We now display the explicit black hole geometries associated with the 1- and 
2- soliton solutions of the sine-Gordon equation. The 1-soliton solution of 
the 'euclidean' sine-Gordon equation can be written 

u(t, x) = 4 tan^^ exp {±m'y{x — vt — 60)} , (59) 
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with 7 := (1+f and = w/m'~f is an integration constant. The constant 
u is a 'spectral parameter'. The solution with the + sign in the exponent is 
the 1-sohton solution; the opposite sign is the anti-soliton solution. [| Upon 
'Wick rotation' to the Lorentzian signature, (and in this case v ^ iv), one 
sees that the soliton(anti-soliton) propogates through space with constant 
velocity v {—v). Hence we may think of the soliton as being located at 
X = vt at time t. 

We shall now demonstrate that the 1-soliton solution Eq. of the sine- 
Gordon equation determines a metric in a coordinate patch on M2 in which 
there is a Killing vector field which is timelike in the region outside the event 
horizon, but which becomes null at an interior point of the patch. In other 
words, it determines a black hole metric. Indeed, when Eq.(pUD is used in 
the Lorentzian metric Eq. ([75|) , the latter simplifies to: 

dsi-soi = —sech.^ pdt^ + tanh^prfx^, (60) 

where 

p := m'y{x — vt), (61) 

and we have chosen for simplicity 6q = 0. 

According to the analysis in Section 3, we may transform to black hole 
coordinates (T, r) if we have a solution r to the dilaton equations for metric 
given by Eq.(^Dp. Such a dilaton can easily be found by recalling |]T2[ that 



the dilaton equations imply that the field r also satisfies the linearized sine- 
Gordon equation Eq.(^). It is straightforward to show that the linearized 
sine-Gordon equation is automatically satisfied by a field of the form: 

T = ait + bu', (62) 

where a and b are arbitrary constants. We therefore take Eq.(^) as our 
anasatz and then see whether there are values for a and b for which the 
remaining dilaton equations are satisfied. In the one soliton solution Eq.(|5^) 

ii = =i=4m7f sechp = —vu', (63) 



■^It seems that the ± sign determining the sohtonic/ anti-sohtonic nature of the solu- 
tion has migrated from a factor multiplying the exponential function in Eq.(E^) into the 



exponential itself in Eq.l59). In fact the solutions differ by 27r, and so are equivalent. 
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and Eq.(|62D satisfies all the dilaton equations for any a, b. In the above, the 
minus and plus signs refer to the soliton and anti-soliton respectively. We 
therefore choose 6 = 0, so that: 

r = 4m|af |7sech(p), (64) 

where we assume that the sign of a has been chosen to make r positive. The 
black hole coordinates (r, T) can therefore be defined by 



r/m = 4|at>|7sechp, (65) 

(66) 



tanh p 
m7(sech p — w^tanh p) 



dT = (4|ai;|mV)~^ 
In these coordinates, the metric is of the form 

dsl,^ = - (m\'^ - lQm^a^-i\^) dT^ + (m^r^ - IGm^a^-f^v^Y^ dr^. (67) 

This is the metric of a Jackiw-Teitelboim black hole with mass parameter 

Muoi = 4:am-f^v^, (68) 

and event horizon at t = th = 4m|a|7^f^. It is important to note that the 
mass M is non-negative for all values of v and a. The choice of the normal- 
ization constant a is discussed in the following section on the Hamiltonian 
analysis. 

As noted previously, the sine-Gordon metric Eq.(pO|) is Kruskal-like in 
that there is no coordinate singularity at the horizon. The metric is regular 
on a patch extending from p = —oo, where r = 0, to the location of the 
soliton, where p = 0, where t = tq = Ama'jv. Thus the location of the 
sine- Gordon soliton is the surface along which the sine- Gordon coordinates 
break down. Since the ratio: 

7^^ = (69) 



the soliton is always located outside the horizon. The sine-Gordon coordi- 
nates are therefore regular at the horizon. Moroever, by taking the limit 
f — > cxD, we can place the soliton arbitrarily close to the horizon. We note 
here that the metric corresponding to the 1-soliton in the limit as f oo is 

ds'^ = -sech^ (mt)(it^ + tanh^(mt)(ix^. (70) 
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This metric has constant curvature — 2m^. The corresponding mass parame- 
ter M°° = 4|a|m and now the location of the sohton, at t = 0, coincides with 



r 



0, where the dilaton t°° is 



cosh(mx) tanh{mt). 



(71) 



Hence the entire spacetime, excluding r°° = 0, but including the asymptotic 
region r = t°° /m — >■ oo, is covered by the sine-Gordon coordinate patch. Fig. 
^ illustrates the locations of the event horizons and coordinate singularites 
in 1-soliton sine-Gordon coordinates. Fig.| shows how a generic surface of 
constant soliton coordinates x (A..B..C..D..E) and t (F..G..H..I) are embed- 
ded in the Kruskal diagram for the corresponding black hole. Note that both 
r = and t = tc are clearly coordinate singularites in the soliton coordi- 
nates, since they are reached only asymptotically by lines of constant x and 
t, respectively. 

We now discuss the 2-soliton coordinates. The metric, in this case given 
by Eq.(ra), is 



FG 



F^ + G^ ' 



(72) 



where the quantities F and G are given by either Eq . (^51) and Eq . (|56D or 
Eq.d^) and Eq.(|8|) above. 

Using MAPLE, we computed the dilaton for the 2-soliton metric above by 
invoking that ansatz Eq . (|6^) . It turns out that this ansatz satisfies all three 
dilaton equations providing that b = 2va/ (1 — v"^). The resulting dilaton, for 
the case where F, G are given by Eq.(^),Eq.(^6|), is: 



T 



Aam cot /i [v cos /i cosh p_ sinh p+ — sin /i cosh p+ sinh p_ 



7(f2 — 1) 



sinh p_ + cot^ p sinh p+ 



(73) 



where p+ := m7(t + fx)sinp, p_ := m7(x — ft) cos p. The corresponding 
conserved mass parameter is: 



2sol 



2am (^f ^ cos^ p — sin^ p 
- 1 



(74) 
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It is interesting that this is again non-negative for all values of the soliton 
parameters. See Fig.^ for the structure of the horizons, coordinate singu- 
larities and some constant r curves for the geometry in these coordinates. 
For the soliton-anti-soliton scattering solution, i.e. the case where F, G are 
given by Eq.(^),Eq.(|58D, the expression for the dilaton is given by Eg . (|7^) 
but with sinh and cosh interchanged; while the expression for the conserved 
mass parameter is identical to Eq.([74|) above. FigJ^ displays some of the 
geometrical features. 



6 Hamiltonian Analysis 

We now review the Hamiltonian analysis for Jackiw-Teitelboim gravity, using 



the notation of ||T^. Spacetime is split into a product of space and time: 
M2 ~ S X i? and the metric h^^, is given an ADM-like parameterization: [|17 



ds 



2 



-a^df + {dx + Vdtf . (75) 



where a, V and a are functions on spacetime M2. In the following, we denote 
by the overdot and prime, respectively, derivatives with respect to the time 
coordinate t and spatial coordinate x. 

The canonical momenta conjugate to the fields {a, r} are: 

n„ = ^iVr'-r), (76) 
n. = ^i-a + Va' + 2V'), (77) 
The vanishing of the momenta canonically conjugate to V and a yield the pri- 



mary constraints for the system. Following the standard Dirac prescription 
we obtain the canonical Hamiltonian (up to spatial divergences): 

Ho = J dxl^VJ^+^agy (78) 

where we have defined: 

:= a'H„ + r'H, - 2H^, (79) 

g := 2t" - a'r' - {2Gf H„H, - 2mh''T. (80) 
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Clearly and V play the role of Lagrange multipliers that enforce the 
secondary constraints and ^ ~ 0. 

The energy can be constructed by noting that the following linear com- 
bination of the constraints is a total spatial derivative: 



(g[a,r,n„,n.]y 

0, 



where we have defined the variable q as 



1 

2m 



r 



l\2 



I 2 2 

+ m r 



(81) 
(82) 



(83) 



The expression on the right-hand side above is nominally an implicit function 
of the spatial coordinate, but is constant on the constraint surface. Moreover, 
it is straightforward to show that q commutes with both constraints JF, Q. 
Thus, the constant mode of g is a physical observable in the Dirac sense. 

In terms of the canonical momenta the magnitude of the Killing vector 
can be written as: 



k 



Thus the observable q is: 



i\2 



{2GIi^y - (r') 



(84) 



Mm 



(85) 



The momentum conjugate to g, is found by inspection to be [|l9|] : 

2n„e" 



— dx 



s (2G'n,)2 - (r') 



/\2 



(86) 



The value of p depends on the global properties of the spacetime slicing. This 
is consistent with the generalized Birkhoff theorem[|l^] which states that there 
is only one independent diffeomorphism invariant parameter characterizing 
the space of solutions. 
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It is instructive to write the observable p in covariant form: 

P = 



dxe'^l'^n^J^ (87) 



-2m / dT. (89) 



Note that rfxe"/^ is the measure induced on S by h^^j. In the expression for 
p the vector field n'^ is the unit (timelike) normal to S. The final expression 
is obtained by using the result Eq.(|3TD, and proves explicitly that the mo- 
mentum conjugate to M is equal to the "Schwarzschild time separation" of 



the slice 20, 14 



The canonical Hamiltonian in terms of Q is: 

G 



Ho= I dxlvJ^-a^] +H+-H^ . (90) 



where v = V — 2Ga'Ila/T' and 



a 



t' 

Note that from Eq.([75|) it follows that 



(91) 



ae'" = J\g\ = \ sin(u/2) cos(u/2)| (92) 



where the last expression is only valid in soliton coordinates. In Eq.(pO|) 
if+ and H_ are surface terms needed to make the variational principle well 
defined. These surface terms depend on the boundary conditions, and will 
be determined below. 

We now impose boundary conditions on our spatial slice consistent with 
soliton coordinates Eq.(^T]). In particular, we assume that the spatial coor- 
dinate X runs form X_ = — oo to X+ = +oo. At the inner boundary X_ 
the metric and dilaton should take on values corresponding to the asymptotic 
{x — > — oo) region of a constant t surface in soliton coordinates. As illustrated 
for the one-soliton case in Fig.|, such surfaces approach r = asymptoti- 
cally along the horizon.^ Thus, we require V_ — 0, (T_ ^ 0, n,-!. — > 0, 

^Slicings of this general form were considered for spherically symmetric gravity in pl| . 
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e°|_ — >■ 1, r_ — s> and ri — > 0. However, in order for the Hamiltonian to be 
well defined, a must be finite at the boundary, so we restrict a- = constant. 
This condition has two important consequences. First it allows the bound- 
ary terms to be integrated in a straightforward fashion, as shown below. 
Secondly, once the soliton metric is specified, it fixes the scale of the dila- 
ton. That is, given any soliton solution, there exists a corresponding black 
hole with uniquely determined mass.|^ As we saw in Section 5, without this 
condition the linearity of the dilaton equations of motion allow an arbitrary 
multiplicative scale factor in the solution for the dilaton, and the resulting 
black hole mass observable is proportional to the square of the scale factor. 
However, in order to be able to impose this boundary condition on a it is 
necessary that | sin('u/2) cos(M/2)|/r' remain finite as x — — oo for every soli- 
ton solution u and dilaton field r. We have been able to verify this explicitly 
in the 1- and 2- soliton sector, but not in the general case. Specifically, in 
the one soliton case, for the solution given by Eq.(|59|) and Eq.(0) we find 
that I sin(M/2) cos(M/2)|/r' = l/{Am-f^) for all X, so we choose a = l/(4m7^) 
and the corresponding black hole mass is M = f ^ with corresponding ADM 
energy E = mv'^/{2G). It is interesting that the ADM energy of the black 
hole is equal to the (non-relativistic) kinetic energy of the soliton. 
In the two soliton case, one finds that 



sin(M/2)cos(M/2)|/r' 



2a 



k;sm/icosu , 



(93) 



as X 



-oo, so we choose 



|f sm /i cos/i| 



V 



{1 + v') 



(94) 



to get a mass: 



9 cos^ uf ^ — sin^ u 
M = v^ — ^ — - . (95) 

V' — |f SiUyU COSyU|(l + v^jj 

The choice of boundary conditions at the outer boundary is somewhat 
more delicate. In order to consider black hole dynamics and thermodynamics 
we would like our spatial slice to include the asymptotic region of the black 



^Another way to state this is that each sohton solution u provides a unique shcing of 
the interior of black hole spacetime of fixed mass. 
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hole. Soliton coordinates, as discussed above, cannot be extended into the 
asymptotic region since there is a coordinate singularity at u = {2n+ l)vr/2, 
which corresponds to the location of a soliton. We avoid this problem by 
assuming that at X+ — > oo, our spatial slice approaches asymptotically a 
static Schwarzschild slice, with no coordinate singularity between X_ and 
This requires a change of coordinates between the horizon and the 
soliton location, since soliton coordinates are good in the neighbourhood of 
the horizon, while Schwarzschild coordinates are good in the neighbourhood 



of the soliton. As discussed in jlj], the only boundary conditions that we 
require at X+ are 5"+ — > 1, ■5+ — ^ 0. 

Given the above boundary conditions it is possible to evaluate the surface 
terms for any solitonic solution of the sine-Gordon equations. Using the 
identity: 

a'U^-2K = -f{e--nly, (96) 
we first write the canonical Hamiltonian in the following form: 

Ho = Jdx (^-^(e-"n2 )' + dUrT' - +H+-H.. (97) 

The variation of Hq contains the following boundary terms: 

^ ^0 Iboundary = j dx (-^^(e""nD + vliM - + 5H^ - 5H.. 

(98) 

Given the above boundary conditions, potentially non-zero contributions are: 



Iboundary ^ q 



+ 5H+-5H_. (99) 



Using the expression for q with for r = r' = 0, and the fact that when V = 0, 
^ = —a, we find that the there is no surface contribution at X_, whereas 
the surface contribution in the asymptotic region can easily be integrated to 
give: 

Mm 

H+ = q/G = (100) 



^For a detailed Hamlitonian analysis with exterior boundary conditions corresponding 
to a black hole in a static box, see lE2|. 
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7 Conclusions 



We have discussed in some detail how Euchdean sine-Gordon sohtons can 
be used to coordinatize black holes in Jackiw-Teitelboim gravity. The soli- 
tons appear as coordinate singularities that constitute the boundaries of the 
patches that can be faithfully coordinatized by the sine-Gordon coordinates. 
The horizons generically are regular in these coordinates. In the one-soliton 
case the soliton was a surface of constant dilaton field that lay just outside the 
horizon. There are still many unanswered questions about how our specific 
results for the 1- and 2- soliton sectors generalize to the N-soliton case. 

Of course the most important question concerns whether or not there is 
any physics in this. It is tantalizing to speculate on what would happen if we 
were able to treat the solitons as physical particles propagating through the 
black hole spacetime, and providing a physical boundary whose deformations 
are in some way related to the diffeomorphisms of the horizon itself. Since 
in Carlip's program [^] the diffeomorphisms of the horizon may be related to 
the black hole entropy, we might be able to quantize the horizon diffeos by 
quantizing the solitons and account for the black hole entropy by counting 
soliton states. 

The following is evidence that such a proceedure may be worth pursuing. 
A black hole state has total energy Eq. Suppose it is described by an N- 
soliton solution of the sine-Gordon equation. (Ignore breathers and other 
exotica for now.) Ignoring breathers, etc., Takhtadjan and Faddeev p3| 



compute the total energy, valid both classically and quantum mechanically, 

E = Y.{64my(3'+p^)^ , (101) 

i 

where pi is canonical momentum of i*'^ lump and (3 is the sine- Gordon cou- 
pling constant. Absorb factors of 64 into so the rest energy of the state 
is Eo = mN/(3. Now combinatorics come in. The degeneracy of the state 
arises from the indistinguishability of the lumps in the N-soliton state. In 
other words, the degeneracy is the number of different ways to write N as the 
sum of non-negative integers. This is the number-theoretic partition function 



of Hardy- Ramanuj an ||24 



n{N) ~ e"v^, (102) 
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for large N. Hence the entropy behaves as 

5 ~ logn(A^) ~ vrViV ~ tt/^. (103) 

This is just the Bekenstein-Hawking entropy (up to factors of order 1) for a 
Jackiw-Teitelboim black hole of with total energy Eq. 

This is quite sketchy, as well as speculative. In order to make the argu- 
ment more rigorous, at least the following must be addressed: 
(1.) Can one ignore breathers and other non-solitonic solutions of the sine- 
Gordon equation? 

(2.) It is not obvious that the black hole energy is given by the rest energy 
of the N-soliton solution. It is true however that the energy of the black hole 
corresponding to a 1-soliton in the limit as the soliton parameter v ^ oo 
is (up to numerical factors of order unity) the same as that of the 1-soliton 
itself. 

Work is in progress to address these issues. 
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Figure 1: Graph of soliton-soliton solution (solid line) and corresponding 
dilaton at (dashed line) fixed t (not to scale) . 
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Figure 2: Graph of soliton-anti-soliton scattering solution (solid line) and 
corresponding dilaton (dashed hne) for fixed t (not to scale). 
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Figure 4: Surfaces of constant x (A..B..C..E) and t (F..G..H..I) in Kruskal 
coordinates. 
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